The Brazilian disc test is a simple and useful technique to determine the tensile strength of rock materials. By using FLAC3D, 63 numerical simulations in total were performed when flattened Brazilian disc coefficient and Poisson's ratio were different. Based on Griffith theory, the corresponding FISH language was compiled to record the Griffith equivalent stress. Through analysis of numerical simulation results, it is indicated that fracture plane was not the plane going through center of the Brazilian disc, which was in good agreement with the references. In addition, the flattened Brazilian disc coefficients had greater influence on tensile strength than Poisson's ratio. Based on cusp catastrophe theory, the flattened Brazilian disc coefficient should not exceed 0.035 for the flattened Brazilian disc tests. Consequently, a tensile strength empirical formula considering flattened Brazilian disc coefficient by utilizing the flattened Brazilian disc test was established, which was t = 0.9993exp(−11.65 )(2 / ), ≤ 0.035.
Introduction
The Brazilian disc test is a useful technique to determine the tensile strength of rock materials [1] [2] [3] [4] [5] [6] ; the Brazilian disc test has attracted the attention of a large number of scholars due to its extensive practical importance in engineering application. There are many studies on the Brazilian disc test in theory analysis, laboratory test, and numerical simulations. Jianhong et al. [7] analyzed the plane stress distribution of the Brazilian disc test; the tensile elastic modulus of a rock can be obtained by the results of theory analysis. Serati et al. [8] investigated the double Fourier series technique to construct an elastic stress filed in a cylindrical subject to lateral boundary loads, and this method was verified against available elastic solutions for axisymmetric and nonaxisymmetric engineering problems such as Brazilian tensile strength and point load strength. With regard to the experiments for the Brazilian test, Tan et al. [9] conducted a series of Brazilian tests on Monsel slate considering different foliation-loading angles, fracture patterns and strength of samples were analyzed, and how the microparameters influence the bearing capacity and failure modes of Brazilian disc tests for anisotropic rocks was revealed. Liu et al. [10] investigated the mechanical tensile behavior of Beisha granite with different test methods, especially the damage evolution process. It was revealed that, in direct tensile testing, the AE events accumulated mainly along the failure surface, whereas in indirect tests the location and variation of AE events were more complex. In the field of numerical simulations, Riera et al. [6] utilize the discrete element method (DEM) to simulate the Brazilian test, and it was concluded that specifications for the splitting test of quasifragile materials should be examined under the light of recent advances in fracture crack propagation and dynamic rupture, properly considering the influence of the not-yet-clearlydefined material properties and geometry of the strip. Yang and Huang [11] constructed a model for Brazilian disc splitting test using PFC2D, and then it was used to simulate Brazilian splitting test for jointed rock mass specimens and specimen containing a central straight notch, and the influences of joint angles on tensile strength and failure modes were analyzed.
However, three-dimension effects of Brazilian test can influence the results [12] , and hence the thickness ( )/ diameter ( ) ratio should be considered in the Brazilian disc. ASTM suggested that the thickness ( )/diameter ( ) ratio ranged between 0.2 and 0.75 [13] , while ISRM recommended that / ratio should be 0.5 [14] . In addition, the deformation on loading location would occur, and the loading mode and stress distribution also changed, which had given rise to the large error by utilizing Brazilian tests to obtain the tensile strength of rock materials. Obviously, the deformation on loading location is inevitable. Hence, reducing deformation on loading location would be the key to improving the results accuracy utilizing the Brazilian test, and the flattened Brazilian test would be a good alternative.
The flattened Brazilian test has been a popular method in recent years to determine the tensile strength of rock materials [15] [16] [17] [18] [19] . Wang et al. [20] conducted theory analysis, and the stress distribution for flattened Brazilian test was obtained; moreover, the numerical simulations of flattened Brazilian test were performed, and the formulas for elastic modulus, tensile strength, and fracture toughness of rocks were derived. Lin et al. [21] analyzed the three-dimensional effects in the flattened Brazilian test through numerical simulation, and the empirical formula of the flattened Brazilian test was proposed.
In this paper, the flattened Brazilian disc coefficient was used to measure the size of the flattened Brazilian disc plane instead of the loading angle. The flattened Brazilian disc with different flattened Brazilian disc coefficient was constructed in FLAC3D to simulate the flattened Brazilian tests. The FISH language was compiled to illustrate the Griffith equivalent stress of the flattened Brazilian discs, and the possible fracture planes of the flattened Brazilian discs were analyzed. Consequently, the empirical formula of tensile strength using flattened Brazilian tests was put forward.
Numerical Simulation of Flattened
Brazilian Disc Test
Flattened Brazilian Disc Coefficient .
In most references, the loading angle was used to describe the size of loading plane; however, the angle is much complicated to measure in practice. Hence, in this paper, the flattened Brazilian disc coefficient was employed to depict the size of loading plane, displayed in Figure 1 . The flattened Brazilian disc coefficient can be expressed as the following equation:
where is the flattened Brazilian disc coefficient; is the height of the flattened Brazilian disc; and is the diameter of the disc. Based on (1), it is obvious that the flattened Brazilian disc coefficient can be measured more easily than the loading angle.
Numerical Simulations Construction and Mechanical
Parameters. To study the influence of the flattened Brazilian disc coefficient on the flattened Brazilian disc test, the commercial software FLAC3D was utilized. To construct the numerical simulation model, its modeling and meshing were accomplished in ANSYS with Solid185 zone type; subsequently, the constructed numerical simulation models were introduced into FLAC3D, the numerical simulation models with different flattened Brazilian disc coefficient were constructed (Figure 2 ), the flattened Brazilian disc coefficient ranged from 0 to 0.04 with spacing of 0.005, diameter of Brazilian discs was 0.05 m, and their thickness was 0.05 m. The uniaxial compression loading was applied on the flattened plane of the flattened Brazilian disc directly, and its loading rate was 5 − 9 m/step. Simultaneously, the related FISH program [22] was compiled to record the applied load . When the mechanical ratio fell below 1 −5, then numerical simulations ended. The numerical simulation model was elastic model. Due to having no influence of Young's modulus on the stress distribution [23, 24] , Young's modulus for all numerical simulation models was 100 GPa. Poisson's ratio included 0.1, 0.15, 0.2, 0.25, 0.3, 0.35, and 0.4, and shear modulus of numerical simulation models can be calculated based on the following equation:
where is Young's modulus and is Poisson's ratio. Through combination of different flattened Brazilian disc coefficient (9 types) and Poisson's ratio (7 types), 63 numerical simulations in total were performed.
Numerical Simulation Results Analysis

Fracture Plane Analysis of the Brazilian Disc Test.
For most rock materials, they belong to brittle materials, and the fracture mechanism can be explained by Griffith theory [25, 26] . Moreover, Yu and Xu [27] suggested that the location of the maximum equivalent stress G was the fracture plane location, and the key of finding the fracture plane was determining location of the maximum equivalent stress. Based on Griffith criterion, the Griffith equivalent stress G can be expressed as follows:
where 1 is the maximum principal stress, 3 is the minimum principal stress, and G is the Griffith equivalent stress. In order to explore the location of fracture plane of the Brazilian disc test, the corresponding FISH language was compiled to calculate the average Griffith equivalent stress GP of the selected plane, which was parallel to -plane and with -coordinate, showed in Figure 3 .
To determine the possible fracture plane during loading process, four numerical simulation results were taken as examples to illustrate the possible fracture plane. For convenient comparison of the numerical simulation results, contour of the dimensionless ratio G /(2 / ) was displayed in FLAC3D by compiling the FISH language, and the dimensionless ratio GP /(2 / ) of the selected plane with different -coordinate is displayed in Figure 4 .
As shown in Figure 4 , the maximum dimensionless ratio GP /(2 / ) of the selected plane was not in the -plane, which meant that the possible fracture plane was not the plane going through the center of Brazilian discs. For instance, when the flattened Brazilian disc coefficient was 0.04 ( Figure 4(d) ), the maximum ratio GP /(2 / ) of the selected plane was not the plane going through the center of Brazilian disc ( -coordinate of the selected plane was 0 mm, and GP /(2 / ) was 0.4545), but the plane going through the compression plane ends ( -coordinate of the selected plane was −4 mm, and ratio GP /(2 / ) was 0.4721). The larger the ratio GP /(2 / ) was, the larger the average Griffith equivalent stress GP was; consequently, the possible fracture plane would be the plane with −4 mmcoordinate when the flattened Brazilian disc coefficient was 0.04 and Poisson's ratio was 0.1. Based on numerical simulation results, it was implied that the possible fracture plane possibly occurred on the plane going through the compression plane ends ( , and , ), displayed in Figure 5 .
The numerical simulation results indicated that the location of the maximum Griffith equivalent stress is not the center of the Brazilian disc; that is, the cracks would not initiate from the center of the flattened Brazilian discs, which cannot guarantee the accuracy of the tensile strength by utilizing the Brazilian discs test. Through analysis of the numerical simulation results, it is suggested that the accuracy of the tensile strength difference decreases with increasing of flattened Brazilian disc coefficient.
Moreover, these results were also verified by the study by You and Su [28] . It is observed that the fracture plane is not going through the center of Brazilian discs, and these results were in good agreement with the observation of [29, 30] . Changing of the flattened Brazilian disc coefficient influenced stress distribution of the flattened Brazilian disc, which had given rise to the fracture plane away from the center of Brazilian discs.
Both numerical simulation results and laboratory tests [28] [29] [30] had shown that fracture plane location would not occur along the plane going through the center of Brazilian disc, but it had more possibly gone through the compression plane ends. Thus, when adopting the Brazilian disc test to determine the tensile strength, taking the Griffith equivalent stress of Brazilian disc center as the tensile strength of rock materials would not be so accurate in the flattened Brazilian disc tests. Hence, it was necessary to calibrate the empirical formula of the tensile strength by adopting the flattened Brazilian disc test.
Empirical Formula of Flattened Brazilian Disc Tests.
In accordance with the aforementioned numerical simulations results, the fracture plane deviated from the center of Brazilian discs; hence, taking the Griffith equivalent stress of Brazilian discs' center as the tensile strength of rock materials was not reasonable. However, taking the maximum Griffith equivalent stress G-max of the flattened Brazilian disc would be more accurate.
As discussed previously, the stress distribution changed with increasing the flattened Brazilian disc coefficient, and the possible fracture plane was not the plane going through the Brazilian discs center; in other words, the maximum Griffith equivalent stress location changed as well, and the correlation of the tensile strength and the applied load should be calibrated. The correlation between the maximum Griffith equivalent stress G-max of the center plane and the applied load can be expressed as follows:
where t is the tensile strength of rock materials by using the flattened Brazilian disc test, G-max is the maximum Griffith equivalent stress of the Brazilian disc, is the applied load, is the diameter of Brazilian discs, is the thickness of Brazilian discs, and * is the correction coefficient. In order to explore influence of Poisson's ratio and the flattened Brazilian disc coefficient on the correction coefficient * , its changing trend with increasing Poisson's ratio and the Brazilian disc coefficient are displayed in Figure 6 , respectively.
As shown in Figure 6 , the influence of Poisson's ratio on the correction coefficient * was not obvious (in Figure 6(a) ). When the flattened Brazilian disc coefficient was constant, the correction coefficient * remained at a stable level with variation of Poisson's ratio. For example, the flattened Brazilian disc coefficient was 0.02, and the correction coefficients * were 0.7467, 0.7499, 0.7731, 0.7833, 0.7903, 0.7638, and 0.7765 when Poisson's ratios were 0.1, 0.15, 0.2, 0.25, 0.3, 0.35, and 0.4, separately. However, the flattened Brazilian disc coefficient influenced the correction coefficient * a lot (shown in Figure 6 (b)), and * noticeably changed with increasing the flattened Brazilian disc coefficient.
Through analysis of Figure 6 (b), the tensile strength was influenced strongly by the flattened Brazilian disc coefficient; therefore, it was necessary to determine the maximum flattened Brazilian disc coefficient for avoiding big error when using (4) . In order to determine the maximum flattened Brazilian disc coefficient, cusp catastrophe theory [31] [32] [33] [34] [35] [36] [37] was adopted. Because Poisson's ratio had little influence on * , Poisson's ratio was neglected in analysis of determining the maximum flattened Brazilian disc coefficient. Subsequently, the average error ta of the tensile strength with different flattened Brazilian disc coefficient was introduced to express the error of adopting (4) in the Brazilian disc test, and the average error ta can be defined as follows:
where ta is the average error of tensile strength with different flattened Brazilian disc coefficient, is the maximum applied load, is the diameter of Brazilian discs, is the thickness of Brazilian discs, * is the correction coefficient, and is the number of Poisson's ratio types ( is 7 in this paper).
Through analysis of Figure 6 and (5), it is found that the calculation error would increase with increasing of the flattened Brazilian disc coefficient. The large flattened Brazilian disc coefficient would result in the crack initiation location far away from the flattened Brazilian disc center; thereafter, a large error would occur when using the flattened Brazilian disc test to determine the tensile strength of rock materials. In this paper, the cusp catastrophe theory was utilized to determine the maximum flattened Brazilian disc coefficient. The correlation of the error ta and the flattened Brazilian disc coefficient can be expressed as the cusp catastrophe function ta ( ). According to cusp catastrophe theory, the function ta ( ) can be written as follows:
The potential function ta ( ) can be plotted as shown in Figure 7 .
As shown in Figure 7 , cusp catastrophe function ta ( ) consists of three parts: up lobe, middle lobe, and down lobe. Based on cusp catastrophe theory, the characteristics of cusp catastrophe function ta ( ) were controlled by and V, which formed the control variable plane. The stability of cusp catastrophe function ta ( ) was controlled by the bifurcation set Δ = 8 3 + 27V 2 . If 8 3 + 27V 2 ≥ 0, the function ta ( ) was stable. While 8 3 + 27V 2 < 0, the function ta ( ) was unstable. In other words, if 8 3 +27V 2 < 0, (6) describing the correlation of the tensile strength t and the correction coefficient * was not stable, and catastrophe change would occur. Thus, a big error would occur when using (6) to determine the tensile strength of rock materials in the flattened Brazilian disc test.
To determine the maximum flattened Brazilian disc coefficient, a series of data sets {( ta ( ) 1 , 1 ), ( ta ( ) 2 , 2 ) , . . . , ( ta ( ) , )} ( = 4, 5, . . . , 9) were formed firstly. For example, when the maximum flattened Brazilian disc coefficient was 0.015, the corresponding data set would be {( ta ( ) 1 , 1 ), ( ta ( ) 2 , 2 ), ( ta ( ) 3 , 3 ), ( ta ( ) 4 , 4 )}, which meant the flattened Brazilian disc coefficients 1 , 2 , 3 , and 4 were 0, 0.005, 0.01, and 0.015, respectively. Then, the least square fittings of the data sets {( ta ( ) 1 , 1 ), ( ta ( ) 2 , 2 ), . . . , ( ta ( ) , )} ( = 4, 5, . . . , 9) were conducted adopting (4). Subsequently, different groups of and V were obtained when the maximum flattened Brazilian disc coefficient was different, and the corresponding bifurcation sets Δ = 8 3 + 27V 2 were calculated.
When Δ = 8 3 + 27V 2 < 0, then the catastrophe change happened, and then the maximum flattened Brazilian disc coefficient was determined. Based on the method above, a series of , V, and 8 3 +27V
2 were calculated when the maximum flattened Brazilian disc coefficient was different (Table 1) , and Figure 8 displays the variation of Δ = 8 3 + 27V 2 when is 8 and 9. Through analysis of Figure 8 , Δ = 8 3 + 27V 2 was positive when was 8. While was 9, Δ = 8 3 + 27V 2 was negative; that is to say, cusp catastrophe function ta ( ) for data set {( ta ( ) 1 , 1 ), ( ta ( ) 2 , 2 ), . . . , ( ta ( ) 8 , 8 )} was stable, which suggested that catastrophe change of error will not occur when using (4) to determine tensile strength. While data set {( ta ( ) 1 , 1 ), ( ta ( ) 2 , 2 ) , . . . , ( ta ( ) 9 , 9 )} was not stable, the catastrophe change of error occurred; hence, the data ( ta (0.04), 0.04) caused the catastrophe change, and the flattened Brazilian disc coefficient should be less than 0.04. However, for accuracy of the tensile strength when using (4), flattened Brazilian disc coefficient should not exceed 0.035, which was in good agreement with the study by Lin et al. [21] .
Because of little influence of Poisson's ratio on the correction coefficient * , the tensile strength determined by (4) without consideration of Poisson's ratio was acceptable. To establish correlation of flattened Brazilian disc coefficient and the correction coefficient * , the data was used when flattened Brazilian disc coefficient ranged from 0 to 0.035, and the average correction coefficient * a was calculated when flattened Brazilian disc coefficients were different, listed in Table 2 . Based on the data in Table 2 , correlation of * a and flattened Brazilian disc coefficient was constructed via the least square fitting method, shown in Figure 9 .
Consequently, correlation of the average correction coefficient and flattened Brazilian correction coefficient can be expressed as follows: * a = 0.9993 exp (−11.65 ) .
Due to little influence of Poisson's ratio on the correction coefficient * , * in (4) can be replaced by and (7), the tensile strength formulation of the Brazilian disc test can be denoted as follows:
during the Brazilian disc test compared to loading angle; hence, the empirical tensile strength equation is workable, and it could be adopted to estimate the tensile strength in the flattened Brazilian disc test.
Discussion
The tensile strength is a key mechanical parameter for rock materials, which plays a dominant role in rock engineering. Both direct method and indirect method were used to determine the tensile strength of rock materials; however, the direct method is time-consuming and hard-conducting. Thereafter, the indirect method was more widely used to obtain the tensile strength of rock materials compared to the direct method. The Brazilian disc test is one of the most widely used indirect methods, whereas some scholars found that the loading location was smashed and the crack did not initiate from the center of the Brazilian disc due to the stress concentration in the loading location, which decrease the accuracy of the tensile strength by using the Brazilian disc test. It is because the most important point of the Brazilian disc test is the crack initiation from the center of the Brazilian disc center. To increase the accuracy of the tensile strength of the Brazilian disc test, some new Brazilian disc tests were proposed, and the flattened Brazilian disc test was one of them.
In order to obtain accurate tensile strength of rock materials by utilizing the flattened Brazilian disc test, the shape parameter of the flattened Brazilian disc was defined as the flattened Brazilian disc coefficient. Then, 63 numerical simulations in total were performed, and the related FISH language was applied to obtain the Griffith equivalent stress based on the Griffith theory. Through analysis of the numerical simulation results, it is found that the crack initiation location (the maximum Griffith equivalent stress location) deviates from the center of the flattened Brazilian disc center. Moreover, the corresponding tensile strength difference becomes larger with increasing of the flattened Brazilian disc coefficient. Thus, it is necessary to determine the appropriate value of the flattened Brazilian disc coefficient to avoid large error between the experimental results and the true value. In this paper, the cusp catastrophe theory was adopted to determine the maximum flattened Brazilian disc coefficient. Based on the cusp catastrophe theory, the flattened Brazilian disc coefficient should be less than 0.035. Additionally, an empirical formula was proposed evaluating the tensile strength of rock materials by using the flattened Brazilian disc test.
The numerical simulation is mainly used in this paper, the numerical simulation result was not verified by the experimental results, and it lacks further experimental study. To validate the numerical simulation results, the experiments study on the flattened Brazilian disc test would be our next tasks.
Conclusions
In this paper, the flattened Brazilian disc tests were conducted, through numerical simulations results analysis, the fracture plane locations of flattened Brazilian disc were determined, and, finally, the tensile strength empirical equation considering flattened Brazilian disc coefficient was obtained; the main conclusions of this paper were as follows:
(1) Through numerical simulations analysis, it was suggested that the fracture plane location was not the plane going through the center of Brazilian discs with increasing flattened Brazilian disc coefficient; it was the plane going through the compression plane ends. (2) Combining numerical simulation results, an equation for the tensile strength adopting flattened Brazilian disc test was established. Because the maximum Griffith equivalent stress location was not the Brazilian disc center any longer, which was verified by both laboratory tests and numerical simulations, it is necessary to calibrate the empirical formula. The empirical formula for the tensile strength determined by the Brazilian disc test was established, and the empirical equation was t = 0.9993 exp (−11.65 )(2 / ), ≤ 0.035.
